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Abstract. Let F be a connected G-vertex-transitive graph, let u be a vertex of F and 
let L = gJ!^'"' be the permutation group induced by the action of the vertex-stabiliser Gv 
on the neighbourhood F(u). Then (F, G) is said to be locally-L. A transitive permutation 
group L is graph-restrictive if there exists a constant c(L) such that, for every locally-!/ 
pair (F, G) and an arc {u,v) of F, the inequality \Guv\ < c(L) holds. 

Using this terminology, the Weiss Conjecture says that primitive groups are graph- 
restrictive. We propose a very strong generalisation of this conjecture: a group is graph- 
restrictive if and only if it is semiprimitive. (A transitive permutation group is said to 
be semiprimttive if each of its normal subgroups is either transitive or semiregular.) Our 
main result is a proof of one of the two implications of this conjecture, namely that graph- 
restrictive groups are semiprimitive. We also collect the known results and prove some 
new ones regarding the other implication. 



1. Introduction 

Unless explicitly stated, all graphs considered in this paper are finite and simple. A 
graph r is said to be G-vertex-transitive if G is a subgroup of Aut(r) acting transitively on 
the vertex-set VF of T. Similarly, T is said to be G- arc-transitive if G acts transitively on 
the arcs of T (that is, on the ordered pairs of adjacent vertices of F). When G = Aut(r), 
the prefix G in the above notation is sometimes omitted. 

One of the most important early results concerning arc-transitive graphs is the beautiful 
theorem of Tutte [25\ I26j . saying that, in a connected 3-valent arc-transitive graph, the 
order of an arc-stabiliser divides 16. The immediate generalisation of Tutte's result to 4- 
valent graphs is false; there exist connected 4-valent arc-transitive graphs with arbitrarily 
large arc-stabilisers (for example, see [12j). 

On the other hand, it can easily be deduced from the work of Gardiner [9] that, if F is a 
connected 4-valent G- arc-transitive graph and {u,v) is an arc of r, then \Guv\< 2^^^ unless 
Gv^^^ = D4, where Gy^^^ denotes the permutation group induced by the action of G^ on the 
neighbourhood r(t;). In view of Gardiner's results, bounds on the order of the arc-stabiliser 

are now usually considered in terms of the local action Gv^""^ rather than simply the valency. 
This leads us to the following definitions. 

Definition 1. Let F be a connected G-vertex-transitive graph, let v be a vertex of F and 
let L be a permutation group which is permutation isomorphic to Gv^^\ Then (F,G) is 
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said to be locally-L. More generally, if P is a permutation group property, then (F, G) will 
be called locally-V provided that G^^^^ possesses the property V. 

Note that, if T has valency d, then the permutation group G^^^"^ has degree d and, up 
to permutation isomorphism, does not depend on the choice of v. In [28j, the third author 
introduced the following notion. 

Definition 2. A transitive permutation group L is graph-restrictive if there exists a con- 
stant c{L) such that, for every locally-L pair (r,G) and an arc {u,v) of F, the inequality 
\Guv\ < c(L) holds. 

The above definition makes the statement of many results and questions very succinct. 
For example, Tutte's theorem can be restated as follows: the symmetric group Sym(3) in 
its natural action on 3 points is graph-restrictive and the constant c(Sym(3)) can be chosen 
to be 16. Several authors generalised Tutte's result from Sym(3) to other primitive groups, 
which eventually led Weiss to pose the following conjecture. 

Weiss Conjecture |321 Conjecture 3.12]. Primitive groups are graph-restrictive. 

While much effort has been deployed in the attempts to prove the Weiss Conjecture, very 
few authors considered graph-restrictiveness of imprimitive groups. We will show that the 
main results which have been used to attack the Weiss Conjecture can be generalised from 
primitive groups to semiprimitive groups, which we conjecture are graph-restrictive. (A 
transitive permutation group is said to be semiprimitive if each of its normal subgroups is 
either transitive or semiregular. Contrary to [2], we consider regular groups to be semiprim- 
itive). In fact, encouraged by some results proved in this paper, we conjecture the following 
characterisation of graph-restrictive groups. 

Conjecture 3. A permutation group is graph-restrictive if and only if it is semiprimitive. 

Our goal in this paper is to collect the known results regarding this conjecture and to 
establish new ones. One of our main results is the following theorem (proved in Section H]), 
which proves one of the two implications of the above conjecture. 

Theorem 4. Every graph-restrictive group is semiprimitive. 

The structure of the paper is very simple. Section [2] is a summary of all important results, 
with each new theorem getting its own section later for details and proofs. 

2. Summary 

We start with a review of previously known results about graph-restrictiveness of per- 
mutation groups. It is a rather trivial observation that regular permutation groups L are 
graph-restrictive, with c{L) = 1. One of the earliest non-trivial results with important ap- 
plications towards the Weiss Conjecture is Theorem [5l a variant of the Thompson- Wielandt 
theorem (see [27j). Given a G-arc-transitive graph F and {u,v) an arc of F, denote by Gul 
the subgroup of G fixing T{u) and T{v) point-wise. 

Theorem 5. [9l Corollary 2.3] Let (F, G) be a locally-primitive pair and let (u, v) be an arc 
of F. Then, Gul is a p-group for some prime p. 
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Theorem [5] imposes a very strong restriction on the structure of Guv For example, if 
r has valency d, then Guv contains a normal p-subgroup of index at most (d — 1)!^. As 
we will see, Theorem [5] was the first step in the proof of many results regarding the Weiss 
Conjecture. 

Despite considerable effort by many authors, the Weiss Conjecture is still open. Some 
important subcases have however been dealt with, the most important being the 2-transitive 
case, which has been settled as the culmination of work by Trofimov and Weiss. 

Theorem 6. 2-transitive groups are graph-restrictive. 

The proof of Theorem [6] is scattered over many papers and hence this result is somewhat 
part of folklore. In Section [6l we try to remedy this situation by collecting the various parts 
of the proofs and giving a brief overview of the argument. 

Another case of the Weiss Conjecture which was completed very recently is the case of 
primitive groups of so-called linear type. Let g be a prime-power and let V he a vector space 
over ¥q of dimension n. For m < n, denote by [^] the set of all m-dimensional subspaces 

of V and by PSL(n, the projective special linear group PSL(n, q) in its natural action 
on [^] . A primitive group L is said to be of linear type if it contains a normal subgroup 

isomorphic to PSL(n, In [22l EH [211 133] , it was proved that primitive groups of linear 

type are graph-restrictive. 

Another important case of the Weiss Conjecture is the case of primitive groups of affine 
type, which is almost complete (see [29^ Theorem]). (A primitive group L is said to be 
of affine type if it contains a regular abelian normal subgroup Q. In particular, as L is 
primitive, Q is an elementary abelian g-group, for some prime q, and L has degree a power 
ofg.) 

By Burnside's Theorem [Tj Theorem 3.5B], transitive groups of prime degree are either 
2-transitive or of affine type. Together with Tutte's result, [29, Theorem] and Theorem [6] 
imply that transitive groups of prime degree are graph-restrictive. 

Note that some of the above results were misquoted in For example, [29[ Theorem] 
was misquoted in [6l Theorem 3.1] where the authors concluded that all primitive groups 
of affine type are graph-restrictive, which does not follow from |291 Theorem]. This has 
unfortunate consequences. For example, they claim that primitive groups of degree at most 
20 are graph-restrictive |6i Proposition 4.1], but their proof relies on [6, Theorem 3.1] in 
an essential way. Moreover, in their proof, they also claim that almost simple groups with 
socle isomorphic to PSL(?7-, q) for some integer n 7^ 5 are graph-restrictive but, again, this 
does not seem to follow from the papers they quote. In fact, to the best of our knowledge, 
it is still unknown whether the primitive group of affine type Sym(3) wr Sym(2) with its 
product action of degree 9 is graph-restrictive. Similarly, it is also unknown whether the 
primitive group of almost simple type Sym(5) acting on the 10 unordered pairs of a 5-set is 
restrictive. We will return to the question of graph-restrictiveness of groups of small degree 
in Section [3l 

Little was previously known about graph-restrictiveness of imprimitive groups. Recently, 
Sami |I5] has shown that dihedral groups of odd degree are graph-restrictive, generalising 
Tutte's theorem (as Sym(3) = 03), and the third author generalised this result to the wider 
class of so-called p-sub-regular groups |28^ Theorem 1.2]. (Of course, in view of Theorem [H 
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all these groups are semiprimitive.) To the best of our knowledge, this concludes the list of 
permutation groups that were known to be graph-restrictive prior to this paper. 

Praeger has proved [13] that a quasiprimitive group L is graph-restrictive if and only if 
there exists a constant c'(L) such that, for every locally-L pair (F, G) with G quasiprimitive 
or biquasiprimitive and an arc (u, v) of F, the inequality \Guv\ ^ c'(L) holds. (A transitive 
permutation group is called quasiprimitive if each of its non-trivial normal subgroups is 
transitive. It is called biquasiprimitive if it is not quasiprimitive and each of its non-trivial 
normal subgroups has at most two orbits.) This lead her to conjecture that quasiprimitive 
groups are graph-restrictive, a conjecture stronger than the Weiss Conjecture but weaker 
than Conjecture El 

Let us now discuss our new results supporting the conjecture that semiprimitive groups 
are graph-restrictive. It turns out that many of the important tools that are available for 
primitive groups are also available for semiprimitive groups. For example, the starting point 
for most of the results in the primitive case is Theorem (H which was recently generalised 
to the semiprimitive case by the second author. 

Theorem 7. [16', Corollary 3] Let (F, G) be a locally- semiprimitive pair and let {u, v) be 
an arc o/F. Then, Gul is a p-group for some prime p. 

Theorem [7] is very useful to prove that certain semiprimitive permutation groups are 
graph-restrictive. We will give some examples of this, but first we must introduce the 
following more general version of Definition [2j 

Definition 8. Let p be a prime. A transitive permutation group L is p- graph-restrictive 
if there exists a constant c{p,L) such that, for every locally-L pair (F,G), the largest p-th 
power dividing the order of an arc-stabiliser is bounded above by c{p, L). 

Note that a transitive permutation group L is graph-restrictive if and only if it is p- 
graph-restrictive for every prime p dividing the order of a point-stabiliser Lx- Theorem [7] 
has the following easy corollary, which will be proved in Section [6l (Recall that, for a prime 
p, Op{G) denotes the largest normal p-subgroup of G.) 

Corollary 9. Let L be a semiprimitive group acting on Q, let x Q and let p be a prime. 
If Op{Lx) = 1, then L is p-graph-restrictive. 

In Section [5l we will use a result of Glauberman about normalisers of p-groups to prove 
Corollarv I10| which is a generalisation of [28, Theorem 1.2]. 

Corollary 10. Let p be a prime and let L be a transitive permutation group on il.. Let 
X £ Q and let P be a Sylow p-subgroup of Lx- Suppose that 

(1) \P\ = p, and 

(2) there exists I G L such that {P,P^) is transitive on Q. 

Then, L is p-graph-restrictive. In fact, we can take c{p, L) = p^ if p is odd and c{p, L) = 16 
ifp = 2. 

3. Examples and groups of small degrees 

In this section, we give a few examples of how Corollary [9] and Corollary [10] can be 
combined to show that certain semiprimitive permutation groups are graph-restrictive and 
examine the status of Conjecture [3| for groups of small degree. 
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Example 11. Let n > 3 be odd and let L = D„ be the dihedral group of order 2n m its 
natural action on n points. Then \Lx\ = 2 and, if Z is a generator of the cyclic subgroup 
Cn < L, then {Lx,L[.) = L. By Corollary II 01 it follows that L is graph-restrictive (in fact, 
we can take c(L) = 16). 

Example 12. Let p be a prime. Denote by Z the centre of GL(2, p), that is, the subgroup of 
GL(2,p) consisting of the scalar matrices. Let G be a subgroup of GL(2,p) with SL(2,p) < 
G, and let be a subgroup of G (1 Z. Clearly, GL(2,p) acts as a group of automorphisms 
on the 2-dimensional vector space of row vectors F^. We let Q denote the set of orbits of 
K on¥p\ {0}. Since K <G, the group G acts on Q and, by a direct computation, we see 
that K is the kernel of the action of G on $7. Write L = G/K for the permutation group 
induced by G on il. 

Claim. The group L is graph-restrictive. 

We prove this claim as follows. Write r = |G : SL(2,p)|. We let ei = (1,0), 62 = (0,1), 
a = ef and /3 = ef . Since SL(2,p) < G, the group G is transitive on \ {0} and hence 

It follows that La is a Frobenius group with Frobenius kernel of size p and with Frobenius 
complement of size r. In particular, Oq{La) 7^ 1 if and only if g = p. Thus, by CorollarylU 
L is g-graph-restrictive for each prime p. 
Finally, let 

^^^ = {(i J ) l«€Fp| and[/e, = |( J ^ ) | a € F^j 

be the unipotent radicals of Ge^ and Gea, and let Pa = Ue^K/K and Pp = Ue2K/K. We 
have \Pa\ = l-P^I = p and Pa is a Sylow p-subgroup of La- Furthermore, since SL(2,p) 
is generated by the root subgroups Ue^ and Ue2-, we have that {Pa,Pp) is transitive on Q. 
Thus, by Corollary [TOl L is p-graph-restrictive. Therefore L is graph-restrictive. ■ 

Note that, in the extremal cases when G = SL(2,p) or G = GL(2,p) and K = 1 or 
K = GnZ, then L is simply one of GL(2,p), SL(2,p), PGL(2,p) or PSL(2,p) in their 
natural action. 

Using a computer algebra system containing a list of transitive permutation groups of 
small degree (for example Magma [3]), it is rather straightforward to generate an exhaustive 
list of semiprimitive groups of small degree. By going through such a list and applying 
a combination of ^29i Theorem] , Theorem [H Corollary [9] and Corollary [TOl we obtain the 
following result: 

Proposition 13. A semiprimitive permutation group of degree at most 13 is graph-restrictive 
unless possibly it is one of the following: 

(1) Sym(3) wr Sym(2) with its product action of degree 9, 

(2) Z| XI Z2 of degree 9 acts regularly on itself by multiplication and Z2 acts on Z| 
by inversion), 

(3) Sym(5) of degree 10 acting on the unordered pairs of a 5-set, or 

(4) Sym(4) of degree 12 acting on the ordered pairs of a A-set. 
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In particular, Conjecture [3] is true for permutation groups of degree at most 8. As we 
already noted, it is unknown whether the primitive group Sym(3) wr Sym(2) of degree 9 
is graph-restrictive, hence even the Weiss Conjecture is not known to hold for groups of 
degree 9 or more. 

4. Proof of Theorem [J] 

The proof of Theorem S] relies on a construction inspired by the wreath extension (see [11^ 
Section 8.1]), which has been used to solve some instances of the Embedding Galois Problem 
(see [HI Chapter 3]). We start by establishing some notation and some preliminary lemmas 
that will be necessary in the proof of Theorem [H 

Let L be a finite permutation group on a set A and let K be an intransitive normal 
subgroup of L. Denote by A the set of orbits of K on its action on A. Replacing K by 
f]^^j^^{KLx), we may assume that K is the kernel of the action of L on A. We let S denote 
the permutation group induced by L on A and hence S = L/K. In particular, we have the 
short exact sequence 

1 » K > L — ^ 5 > 1. 

Fix 6 £ A and A G 6. Since K is transitive on 6, we have Ls = KLx, Ss = Lx/K\ and the 
short exact sequence 

1 > Kx > Lx -^-^ Ss > 1 

(where we denote by vr the restriction 7r|^^ : L;^ ^ 5^). 

Fix T a transversal for the set of right cosets of Ss in S. Without loss of generality, we 
assume that 1 G T. Given s £ S, there exists a unique element of T, which we denote by s"^, 
such that Sss = Sgs'^. The correspondence s i— )• s"^ defines a map t : S ^ T with 1'^ = 1. 

Lemma 14. If x,s € S, then {xs~^Y s{x'^)~^ € Ss- 

Proof. We have Ssxs~^ = Ss{xs~^y and hence Ssx = Ss{xs~^y s. Furthermore, as Ssx = 
Ssx'^, we obtain Ss = Ss{xs~^y s{x'^)~^ . □ 

Consider the set 

n = {f : S ^ Lx\ f{yx) = f{x) for every y € Ss,x e S}. 

The elements of O are functions f : S ^ Lx which (for each x (z S) are constant on the 
right coset Ssx of Ss in S, and hence they can be thought of as functions from A to La . 
The set is a group isomorphic to lI^^' under point-wise multiplication. Given / G O and 
g €z L, let be the element of defined by 

r(x) = fixig^-'). 

This defines a group action of L on and the semidirect product $7 xi L is isomorphic to 
the standard wreath product Lx wr^ L. Moreover, given an arbitrary positive integer m, 
by extending this action of L on to the (component-wise) action of L on Q"^, we obtain 
a semidirect product 0™ xi L where the multiplication is given by 



(1) 



{gJl,---Jm){g',hi,...,hra) 



= {gg'Ji hl,---,fmhm)- 
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Consider the subset 



(2) A = {{g,fi,...,frn) I 5 G for each z G {1,... ,m},/i G 17 and, 

for every x e S, {fi{x)Y = (x(5")~^) 

of fi*" XI L. Note that, by Lemma [TU the element {x{g'^ )^^Y g'" {x"^)^"^ in the definition of 
A hes in S^. 

Lemma 15. The set A is a subgroup of Q"^ xi L. 

Proof. Let {g,fi,..., fm), {g' , hi,..., hm) G A. For each i G {1, . . . , m}, we have ff hi G VL. 
Fix x G S". Then, for each i G {1, . . . , m}, using the definition of A, we obtain 

= {f!'{x)Y{hi{x)Y = {fM9n-')nh,{x)T 

= ixiigg'YY'nag'Yixl-'- 

From dl]) and (l2|), this shows that the product {g, fi, . . . , fm){g', hi, ... , hm) hes in A. De- 
note by e : ^ L;^ the function with e(x) = 1 for every x G S. Clearly (1, e, . . . , e) is the 
identity of J7-x5 and lies in A. Finally, if (5, /i, ... , /™) is in A, then {g-\ {fi^y~\. . . , {f-^Y'") 
is the inverse of (5, /i, ... , fm)- Fix x & S. For each i G {1, . . . , m}, using the definition of 
A, we obtain 

imy"){x)Y = rnxg^Y)-' = {x^9^{{xgni-'Y' = {xgn^{gn-\xn-'. 
Thus {g-\ U^y,. . . , Um'Y") lies in A. □ 
Consider the map 

(p: A^ L defined by (5, /i, ... , /m)*^ = g. 
Lemma 16. f is a surjective homomorphism. 

Proof. From ([T]), is a homomorphism. For each s G fix an element of L\, which we 
denote by s^, with {s^Y — ^- Since vr : La — )> 5^ is surjective, e : 5^ ^ La is a well-defined 
mapping with s^'^ = s for every s G 5"^. 

Fix g( G L. Given x G S. we see from LemmafHlthat {x{g'^)^^Y 9'^ i^'^)^^ ^ '^5- Therefore, 
the function fg-.S^Lx with fg{x) = {{x{g^)~^Y 9^ i^'^)~^Y is well-defined, li y £ Ss and 
X G S*, then (yx)"^ = x"^ and (2/x((7'^)~"'^)'^ = (x((7'^)~^)'^. Therefore 

fgiyx) = {{yxig-Y'YgmyxYY'r = ((^(5^)"') ^(^0"')^ = /.(^)- 
Since this holds for arbitrary y G 6*5 and x G S*, it follows that fg & ^. Now 

fgixY = (.{{xign-'rgH^n-'rr = {{x{g-Y^Y9^{^n'^r = wY'rgHxn-'- 

Finally, this shows that {g, fg, . . . , fg) G A and g = {g, fg, . . . , fgY-, which proves that ip is 
surjective. □ 

Let M be the kernel of (p. Note that A does not necessarily split over M and hence A is 
not necessarily the semidirect product of M with a subgroup of A isomorphic to L. It can 
be shown that if La splits over Kx, then A splits over M. If (5, /i, ... , fm) G M, then g = 
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{gji,..., fmY = 1 and, for each i G {1, . . . , m}, we have {fi{x)Y = ix{g^)-^Y (x^)-^ = 
1. Hence fi{x) G Kx for every x G S. Therefore 

M = {(l,/i,. . .,fm)\ n-.S ^KxJi^n for each i G {1, . . . , m}} ^ Erf''". 
Consider the subset C of A defined by 
(3) C = {{g,fu...,fm)eA\geLx}. 

Since is a homomorphism, C is a subgroup of A. 

Lemma 17. M is the core of C in A and M = The action of A on the right cosets 

of C is permutation isomorphic to the action of L on A. 

Proof. From Lemma [T6l the map 99 is a surjective homomorphism and hence A/M = L. 
Furthermore, = Lx. As M < C < A, AI < A and Lx is core- free in L, we see that 
M is the core of C in A. Finally, the action of A on the right cosets of C is permutation 
isomorphic to the action of L = A^ on the right cosets of Lx = C'^, that is, permutation 
isomorphic to the action of L on A. □ 

Assume that m is odd. Let c = {g, fi, . . . , fm) G C and set 

c^ = igji,...j^y = (/i(i), /r-, . . . , f^n 

where 

g if X € Ss and i = 1, 

/j+i(x) if X G Ss, 2 < i < m — 1 and i is even, 

if X G Ss, 3 < i < m and i is odd, 
fi-i{x) if X ^ Ss, 2 < i < m — 1 and i is even, 
/j+i(x) if X ^ Ss, 1 < i < m — 2 and i is odd, 
fm{x) if X ^ Ss and i = m. 

Note that, for each i G {1, . . . , m}, the definition of Li^c depends on i and on the element c. 
In particular, to compute f^'"'" one needs to know i and the coordinates of c. 

Lemma 18. The map i is an automorphism of C with = 1. 

Proof Let c = (5, /i, . . . , fm) G C. We have g^ e LI = Ss and hence {g^Y = ((5")"^)" = 
1. Therefore, for each z G {1, . . . , m}, we obtain 

(t) f,{lY = {{g-)-^Yg^Vy^=g\ 

In particular, G Lx and fi{lY = 9^ ■ 

We first show that c'' G C. From Q, we see that, for each i G {l,...,m} and for 
each X £ S, the function fY" is constant on the right coset Ssx of Ss in S and there- 
fore fY" G f^- Let X G 5. We have to show that, for each i G {l,...,m}, we have 
ifY {x)Y = In particular, as = 5^, we have to show 

that ifYY^W = {xig^Y^Ya'^ixn-^. Since g^ G 5^ and {gji, . . . , fm) e A, this is clear 
from the definition of fY^i except possibly when i = 1 and x G Ss- Hence, we assume that 
i = 1 and x G Ss- In particular, {x{g'^Y^Y = x"^ = 1. Thus, we have 

(/^=(x)r = 5" = (x(5")-i)V(xO-^ 

Therefore, & ^C- 



(4) 
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Now, from ([4]) we have /(^'''(l) = g and hence the first coordinate of equals the first 
coordinate of c. Furthermore, 



/i(x) lix^Ss 
f2'''{x) = fi{x) ifx^S'5 



and hence the second coordinate of d' equals the second coordinate of c. Assume that 
2<i<m — lis even. We have 

(fi,cY^ ^ / flllix) = fi{x) if X G 55 

and hence the (i + l)th coordinate of c'^ equals the (i + l)th coordinate of c. The proof 
that {fi'^Y^'"' = fi when 3 < i < m and i is odd is very similar to the previous case and is 
left to the conscious reader. 

Finally, we show that l is an automorphism of C. Let e : S ^ Lx such that e(x) = 1 for 
every x € S. The element (1, e, . . . , e) is the identity of C and (1, e, . . . , eY = (1, e, . . . , e). 
Now, let c = (5, /i, . . . , fm) and c' = {g', hi, ... , hm) be in C. We have 

(cc'r = {gg',ff'hu...J^hmy 

= ((/f'/il)(l), , . . . , 



and 



(/i(i)/ii(i), , . . . , 



Recall that from (f), we have /ii(l)'^ = g''^ . As (7"^ G Ss and /i is constant on Ss, we obtain 

(/i = /i((5'"^) "'^)^i(l) = /i(l)^i(l) and hence the first coordinate of {cc'Y equals 

the first coordinate of c''c"'. We have 

^"^^"l {flh,){x) iix^Ss 

and 

f /^^(x(/ii(ir)-i)/i;^-'(x) = gg' iixeSs 
{{fin'''^^'^h'^''){x) = \ f['-'{x{h{ir)-')h2{x) = f2{x{g'n-')h2{x) 

( = {fl'h2)ix) ifx^Ss. 

Therefore {ff hiY^'""' = {fi^''')'^^^^^h^'''' and hence the second coordinate of {cc'Y equals 
the second coordinate of c'c". Assume that 2<i<m — lis even. We have 

^ ' " ^ M {fLih,.i){x) ifx^Ss 
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and equals 

fl''^{x{hi{lY)-')h,^i{x) = fi^i{x{g'^)-')hi.i{x) = {fCihi-i){x) if X ^ Ss. 

Therefore (ff hi)'''--' = {fl''^f^^^^h\''^' . The proof that {ff hiY'^--' = {/^'•-fiWh'';'^' when 
3 < i < m and i is odd is very similar to the previous case and is left to the conscious 
reader. □ 

Define 

(5) S = C X (i). 

Lemma 19. If N is a subgroup of C with N < A and N <B, then N = 1. 

Proof. From Lemma [TTl the group M is the core of C in A. Since N<A and N < C,we get 
N < M and hence every element of N is of the form (1, /i, . . . , fm) where /i, • • • , /m GO. 
We first prove the following preliminary claim. 

Claim. Let i € {1, . . . .m} and let s' € 5. Assume that, for every element (1, /i, . . . , /„) 
of A^, we have fi{s') = 1. Then fi{s) = 1 for every s £ S. 

Let (1, fi, . . . , fm) € N. Fix g an arbitrary element of L. From Lemma [TBI there exist 
hi,. . . ,hm & ^ with {g,hi,. . . , hm) ^ A. As N < A, 

(1, /i, . . . , f^)i9M...M = /i-i/f /^i, . . . , C/^/im) G N. 

By hypothesis, 1 = {hr^ ffhi){s') = hi{s')-^ fi{s' {g^)-^)hi{s') and hence fiis'ig'^)-^) = I. 
Since g is an arbitrary element of L and vr : L — > is surjective, we obtain /« = 1 . ■ 

We argue by contradiction and we assume that 7^ 1. Let j be the minimal element 
of {1, . . . , m} such that A^ contains a non-identity element (1, /i, . . . , fm) with fj ^ 1. Let 
X = (1, /i, . . . , fm) be an arbitrary element of A^. Since N <B and t € B, we have that 

(t) iiji,...,fmy = {fi{i)ji'%---j:^n 

lies in A^ and hence /i(l) = 1. Since x is an arbitrary element of A^, by applying Claim with 
i = 1 and s' = 1, we get /i = 1 for every element (1, /i, . . . , /m) of A^. This proves that 
j > 1. Assume that j is even. Let s' (z S \ Sg. From ^ and from the minimality of j, we 
see that f'j^'''{s') = /j_i(s') = 1. Since x^ is an arbitrary element of A^' = A^, by applying 
Claim with i = j, we get fj = 1 for every element (1, /i, . . . , /m) of A^, contradicting the 
choice of j. Assume that j is odd. From Q and from the minimality of j, we see that 
/^•■'''"(l) = = 1. Since x'' is an arbitrary element of A^' = A^, by applying Claim with 

i = j and s' = 1, we have fj = 1 for every element (1, /i, . . . , fm) of A^, again contradicting 
the minimality of j. This last contradiction concludes the proof. □ 

Remark 20. The definition of t in (jH) depends on the fact that we have chosen m odd. 
Nevertheless, when m is even, it is possible to define (in a similar fashion) an involutory 
automorphism of C satisfying Lemma [T9l 

Now we recall the definition of coset graph. For a group G, a subgroup A and an element 
b € G, the coset graph Cos(G, A, b) is the graph with vertex set the set of right cosets 
G/A = {Ag I g G G} and edge set {{Ag,Abg} \ g G G}. The following proposition is due 
to Sabidussi [H]. 
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Proposition 21. Let A be a core-free subgroup of G and let b G G with G = {A,b) and 
b^^ € AbA. Then T = Cos(G, A, b) is a connected G -arc-transitive graph and the action of 
the stabiliser G^ of the vertex vofTon T(v) is permutation isomorphic to the action of A 
on the right cosets of An A^ in A. 

The following lemma is part of folklore but we include a proof for sake of completeness. 

Lemma 22. Let A, B and C be finite groups with C = A D B and \B : C\ = 2. Assume 
that 1 is the only subgroup of C normal both in A and in B. Then there exists a finite 
group G and a connected G- arc-transitive graph T such that the stabiliser G^ of the vertex 
V of T is isomorphic to A and the action of G^ on T{v) is permutation isomorphic to the 
action of A on the right cosets of C in A. 

Proof. Let G = A*c B he the free product of A with B amalgamated over C. We identify 
A, B and C with their corresponding isomorphic copies in G. Fix b £ B\C. Since G is the 
free product of A and B and since b normalises the subgroup C of -B, we have C = AnA'^. 
It is shown in [1, Theorem 2] that G is a residually finite group. As i? is a finite group 
and AA^ = {xy* | x, y G A} is a finite set, G contains a normal subgroup of finite index A'^ 
with BnN = 1 and AA'' n N = 1. Let G = G/N and denote by - : G G the natural 
projection (in the rest of the proof we use the bar convention, that is, we denote by X the 
image of X under — ). 

Since G = {A,B) = {A,b), we have G = {A,b). Clearly, C = AnA^' <AnA^. Let 
x £ An A^. We have x G AN n A^N and hence x = aini = 02^-2 for some ai, 02 G A and 
ni,n2 G N. Thus a^'^a^ = uin^'^ G AA^ n = 1, ai = ^ and x G (A n A^)A = CN. It 
follows that X G G. This shows that An A^ = C. Let U = U /N be a normal subgroup of 
G contained in A. We have U<AriA^ = C. Therefore C/ is a subgroup of G normal both 
in A and in B. It follows that U = 1, U = 1 and ^ is a core- free subgroup of G. Since 
\B : C\ = 2, we have b~^ € Cb C Ab and b^^ £ Ab C AbA. Since ^ n A = 1, the restriction 
of — to ^ is an isomorphism fr om A to A mapping G to G. Therefore the action of A on 
the right cosets of ^ H = G in j4 is permutation isomorphic to the action of A on the 
right cosets of An A^ in A. The conclusion then follows from Proposition [2T] applied to 
G, A and 6. □ 

Finally, we are ready to prove the main theorem of this section. 

Proof of Theorem^ Let L be graph-restrictive. Suppose, by contradiction, that L is not 
semiprimitive and let K be an intransitive normal subgroup of L which is not semiregular. 
Let m be an arbitrary odd positive integer, let A be as in let G be as in ^ and let B be 
as in dS]). From Lemma [T9| we see that we may apply Lemma[22]to A, B and G. Therefore, 
there exists a G-arc-transitive graph F with the stabiliser G^ of the vertex v isomorphic 
to A and with the action of Gy on T{v) permutation isomorphic to the action of A on the 
right cosets of G, which, by Lemma [T71 is equivalent to the action of L on A. Thus (F, G) 
is locally-L. Now, using Lemma [T71 again, we obtain that the kernel of the action of G^ on 
T{v) is isomorphic to K^^^"^. Since K is not semiregular, we have \Kx\ 7^ 1. Furthermore, 

as m is an arbitrary odd integer, we have that the size of G^^' cannot be bounded above by 
a function of L. Thus L is not graph-restrictive. □ 
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5. p-GRAPH-RESTRICTIVE GROUPS 

In this section using the following theorem of Glauberman we prove Corollary [TOj 

Theorem 23. [TOl Theorem 1] Suppose P is a subgroup of a finite group G, g & G, and 
P n is a normal subgroup of prime index p in P^ . Let n be a positive integer, and let 
G= {P,P3,...,P9"). Assume that : 

(1) g normalises no non-identity normal subgroup of P, and 

(2) Pr\Z{G) = 1. 

Then \P\ = p* for some positive integer t for which t < 3n and t ^ 3n — 1. Moreover, if 
n = 2, p = 2 and t = 6, then P contains a non-identity normal subgroup of G. 

Proof of Corollary \1(A Let p be a prime and let L be a transitive permutation group on 
$7. Let X £ ^} and let -P be a Sylow p-subgroup of such that \P\ = p, and there exists 
r G L such that (P, P') is transitive on 17. We must show that L is p-graph-restrictive. 

Let (r, G) be a locally-L pair, let (n, v) be an arc of F and let K = ci^' be the kernel 
of the action of Gy on the neighbourhood of v. Let P be a Sylow p-subgroup of G^v 
By hypothesis, we have [P : n P[ = p and, moreover, there exists / € G^ with {P^P^) 
transitive on T[v). 

Let P be a Sylow p-subgroup of KP^ containing Q = KdP. Note that (P, R) is transitive 
on T{v) and hence P ^ R. Let w = u'' e r{v) and note that KP'^ < {GuvY = G^jv and 
hence P is a Sylow p-subgroup of G^v- It follows that Q has index p in both P and R and, 
in particular, is normal in both of them. Since P ^ R, we have that Q = P D R. 

Since T is G-arc-transitive, there exists a G such that {u,v)'^ = {v,w). Since both P'^ 
and R are Sylow p-subgroups of G^y, there exist h € G^^ such that R = P"^ . Writing 
g = ah, we get R = P^ and (n, u)^ = {v,w). As {P,P^) = (P, P) is transitive on T{v), it 

2 ~ 2 

follows that {P^,P^ ) is transitive on r{w). Hence G = {P,P^,P^ ) is transitive on the 
edges of T and (^f, P) is transitive on the arcs of F. Since P < Guv, the element g normalises 
no non-identity normal subgroup of P, P contains no non-trivial normal subgroup of G and 
P n Z(G) = 1. We can then use Theorem 1231 with n = 2 to conclude. □ 

6. Restrictiveness of 2-transitive groups 

In this section we prove Corollary [9] and we outline the proof of Theorem [6l Let F 
be a graph, let t; be a vertex of F and let G < Aut(r). The subgroup of G^ fixing the 

neighbourhood F(u) of the vertex v point- wise will be denoted by ci^'. As before, we will 
also write Gul for Gu^ H ci^' . Finally, G^u ^y will denote the set-wise stabiliser of the edge 
{u,v}. 

Lemma 24. Let (F,G) be a locally-transitive pair and let {u,v) be an arc o/F. If Gul is 
a non-trivial p-group, then OpiGli''^) + 1. 

Proof. Since G\j'^ < Guv, we have that Op(Gi^') < Guv and hence Op{G\j^^) < Op{Guv)- Sup- 
pose that Op{Guv) < g\^\ Then Op{Guv) < Op(Gi^l), which implies Op(G™) = Op{G\^^) 
and therefore Op{Guv) ^ Gv It follows that Op{Guv) ^ {Gv,G^u,v}) = G and hence 
OpiGuv) = 1, which is a contradiction. We may thus assume that Op{Guv) ^ Gu^ and, in 
particular, 1 / Op(G™)r(«) < Op{Gii'''>). □ 
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Proof of Corollary O We argue by contradiction and we assume that L is not p-graph- 
restrictive. By Theorem [3 there exists a locally-L pair (T,G) and an arc {u,v) of T such 

that G"!/!' 

is a non-trivial p-group. By Lemma [2il we have Op{Ly) = Op(G™"^) / 1, a 
contradiction. □ 

Corohary [9] was previously known in the case when L is primitive. It is a very strong re- 
striction, especially when L is 2-transitive. As a corollary of the Classification Theorem for 
Finite Simple Groups, the 2-transitive groups are known, see for example [H Theorem 5.3]. 
In O Sections 7.4, 7.5], the reader can find the complete list of 2-transitive groups (O Ta- 
ble 7.2] describes all possible socles of an almost simple 2-transitive group and [F, Table 7.3] 
describes all possible point-stabilisers of an affine 2-transitive group). It is then simply a 
matter of going through these tables and a little work to obtain the next result. 

Theorem 25. Let p be a prime and let L be a 2-transitive permutation group on a finite 
set fl and j; € $7. If Op{Lx) ^ 1, then either L is an affine 2-transitive group, or the socle 
T of L is 2-transitive and isomorphic to one o/PSL(n,g), PSU(3,g), Suz(g), or Ree(g) 
acting in their natural 2-transitive action, or L = PrL(2, 8) of degree 28. 

By our observation preceding Theorem [25] and from [291 Theorem], to complete the proof 
of Theorem [BJ it suffices to show that L is graph-restrictive when L is an almost simple 
2-transitive group with socle T as in Theorem 1251 In [31], Weiss provided a unified proof 
that L is graph-restrictive in the case where T is isomorphic to PSU(3, g), Suz(g), or Ree(g) 
(recall that PrL(2, 8) acting on 28 points can be thought of as the non-simple group Ree(3) 
in its natural 2-transitive action). This had been proved earlier by various authors, using 
more ad hoc methods. The case where T is isomorphic to PSL(n, q) turned out to be the 
hardest to deal with, by far. The case where n = 2 was dealt with by Weiss in [30]. The 
proof in the general case was first announced in [17], but only a brief sketch of the proof 
was given there. The proof in the case where n > 3 and p is odd is scattered over several 
papers and a complete overview of these results is given in the introductory section of [18] . 
Finally, the case of characteristic 2 was treated in a series of four paper [I8l [191 EHl [21] , 
thus completing the proof of Theorem [H 
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